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There are reviews of the main publications on vibrational convection for regions with a free surface.!-3 The influence of vertical high-
frequency vibration on the onset of convection in a two-layer system has been studied.#-7 The results of analyses of the averaged equations
for a two-layer system with a non-deformable interface, as well as the results of a physical experiment which showed that vertical high-
frequency vibrations smooth the interface, have been presented.*-6 By analogy with a previously proposed approach,! an averaging method
was employed in the case of vertical vibrations, and model systems that characterize the influence of the physical parameters on the onset
of vibrational convection in a two-layer fluid were investigated.” The stability of the equilibrium of a two-layer system of fluids with similar
densities was investigated; the heat fluxes on the outer boundaries were specified, the interface was deformable, and the thermocapillary
effect was neglected; maps of the monotonic and vibrational instability were constructed, and the long-wavelength asymptotic was studied.8

The approach previously developed for a single-layer system!2 will be used below. An averaging method will be applied to the equations
in the generalized Oberbeck-Boussinesq approximation, the equilibrium solution of the averaged problem will be found, and its stability
will be investigated.

1. Statement of the problem

Consider a system consisting of two layers of viscous immiscible fluids: an upper layer of thickness H; and a lower layer of thickness H;.
The superscript k=1 corresponds to values of quantities in the lower layer, and the superscript 2 corresponds to values in the upper layer.
Heat-exchange conditions of general form are specified on the rigid outer boundaries so that there is a transverse temperature gradient in
each layer. The origin of coordinates is chosen on the flat interface, the x3 axis is directed along the force of gravity, and vy is its unit vector.
The interface x3 = £(x1, X5, t) is assumed to be deformable, and surface tension forces with coefficient & = o9 — o T* (here T! =T2) act on it.
The temperature is measured relative to its value on the flat equilibrium interface. The fluids are assumed to be slightly non-isothermal,
so that the densities depend linearly on the temperature: p, = pg(1 — BkT"). It is assumed that the system as a whole performs vibration

along the vector s=(cos ¢, 0, sin ¢) according to the law x3 = (B/G))f((?))t, where f is a 2m-periodic function with a zero mean, b is the
amplitude of the vibration rate, and ® is the vibration frequency. We write the dimensionless convection equations in the generalized
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where U¥ are the relative velocities, p* are the pressures, T¢ are the temperatures, K is the average curvature, g; are the Boussinesq
parameters, b is the dimensionless amplitude, W Vi, X; and k; are the dynamic viscosity, kinematic viscosity, thermal diffusivity and
thermal conductivity, C is the surface tension coefficient, and M is the Marangoni number. The dimensionless quantities were introduced
using the length scale £, the time scale 7, the density p, the temperature gradient A and the thermal conductivity k.

2. The high-frequency asymptotic

Next we will consider the case in which the frequency w is high, the amplitude of the vibration rate b is finite, and the vibration period is
less than the characteristic hydrodynamic times, so that the vibrational boundary layers can be disregarded. In addition, we will assume that
the condition for using the model of an incompressible fluid holds, i.e., the acoustic wavelength must be much greater than the characteristic
dimension.

We will apply the Krylov-Bogolyubov averaging method to problem (1.1) with the assumptions made above. Note that there are also
other approaches to the derivation of averaged equations, for example, the multiscale expansion method. However, as was noted,!12 all
the existing approaches lead to the same averaged equation, although the highest terms in the asymptotic are different. This conclusion is
confirmed by the results of numerous studies on vibrational convection (see, for example, Refs 9 and 10).

We will next derive the averaged equations using to the previously developed scheme.? In addition to the slow time t, we introduce the
fast time 7= wt. The averaging method gives an asymptotic representation of the solution of system (1.1) in the form of the sum of smooth
and fast components with a zero mean over the time 7. In the problem under consideration, we will seek an asymptoteit of the form
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In the scheme of the averaging method, the fast components ¥, Pk, E Tk are uniquely specified by the conditions, obtained by isolating
the leading terms in w in the equations and boundary conditions of problem (1.1). For them we obtain the problem
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 See also: Lyubimov DV. Non-linear Problems in the Theory of Rapidly Fluctuating Convective Flows. Doctoral thesis. Perm: Izd Perm Gos Univ; 1994.
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As a result, the fast unknowns are expressed in terms of the smooth temperature T,
We will seek a 27m-periodic solution with respect to the fast time 7 in the form
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Substituting expressions (2.4) into equalities (2.2) and boundary conditions (2.3), for the unknown amplitudes w* and ®* we obtain
the problem
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Next, we substitute expressions (2.1), taking equalities (2.4) into account, problem (1.1). Averaging over the fast time 7T and retaining

terms of the order of unity as w — oo, we obtain a closed autonomous system for the smooth components o, pk, Tk, &
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As a result of the averaging, vibrogenic forces Fllj appeared in the equations of motion (2.5), and the vibrogenic stresses Ty, which are

proportional to the vibration parameter Re2 =b2(f2), appeared in the dynamic boundary condition (2.8). These quantities are defined by
the expressions
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We include the potential component isolated in the expression for F’f,, assuming that
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Then the remaining terms in this expression are of the order of g or above as g, — 0. Setting g =0 in the inertial terms, we arrive at the
averaged problem
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One of the advantages of the averaging method is that the investigation of the stability of (27/w)-periodic solutions of the original
problem reduces to studying the stability of the corresponding steady-state solutions of the averaged problem. This has been rigorously

proved for regions with a rigid boundary.!3!4 In addition, formulae (2.4) enable us to find oscillating corrections and thereby to obtain the
leading terms of the high-frequency asymptote (2.1).

3. The equilibrium solution. The eigenvalue problem

We will assume that the heat-transfer conditions are such that problem (2.10) has a quasi-equilibrium solution of the form
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which satisfies the closure condition of the pulsation flow rates
g’ hy
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Here the gradients A; and A, are related by the equality k1A = K2A5.
We linearize system (2.10), setting
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Assuming that the perturbations are smooth, we introduce stream functions, setting
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We next eliminate the pressures Pk and @k and represent the perturbations in the normal form
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On the rigid walls x3 = h; and x3 = —h;, we have the boundary conditions
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Equalities (3.3) contain vibrational terms, beginning from the first order in the Boussinesq parameter g, and boundary conditions (3.7)
and (3.10) contain these terms from the zero™ order. If the fluids are homogeneous and have equal densities, gravity and vibration do not

influence the stability of the quasi equilibrium.
In order to isolate the leading terms as g, — 0, we seek solutions of Eqs (3.4) in the form
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The solution of this problem consists of the functions
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Retaining only terms that are no higher than the first order in &, in Eqs (3.3)-(3.11), we arrive at the eigenvalue problem
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where Grj, =£,Qp and Gvy; =&;Re? are the gravitational and vibrational Grashof numbers, € =&, /e1, and the cj, are the coefficients in the
expansion of ¢ in series in g:
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To investigate the stability of equilibrium (3.1), we will derive the dispersion relation by the standard method, i.e., we solve problem
(3.14)-(3.22) without boundary condition (3.20), and then substitute the solution obtained into it. As a result, we arrive at the solvability
condition

M = F(K, o, Grk, lek’ pOk’ ,‘lk’ hk, Rez, Ek, Kk; Q()’ C)

which we will not present here because of its length.* Either the eigenvalue parameter \ or the critical values of the parameters can be
found from the transcendental equation obtained in explicit form.

 For the detailed mathematical steps, see Zen’kovskaya SM, Novosyadlyi VA. The influence of high-frequency vibration in an arbitrary direction on the onset of convection
in a two-layer system with a deformable interface. Article deposited at the All-Union Institute of Scientific and Technical Information (VINITI). 29 June 2007, No. 683-V2007.
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In the case of homogeneous fluids, vibrational terms are contained only in boundary condition (3.21). At a fixed wavelength the angle
at which vibration does not influence the stability can be found from it:

NP1P2Q Qo (1 + hy/hy)

¢ = arctg
Py +Pohylhy (3.23)

4. The long-wavelength asymptotic

The long-wavelength asymptoteit has been investigated in numerous studies when there is no vibration. The asymptotic of the Marangoni
number was constructed in Ref. 15 for a deformable interface in the case of monotonic instability in the form M= Mg + a2M; +. .., where the
coefficient My is proportional to the dimensionless gravitation parameter. The long-wavelength asymptotic of the vibrational instability in
the form M=My +o2M; +...,A=a?\q +... was considered in Ref. 16, and formulae for My and \; were presented. The leading terms of the
asymptotic of the form M=a"2M; +..., A=aq +... for the case of a non-deformable interface were found in Ref. 17.

In the present study the leading terms in the long-wavelength asymptotic of problem (3.14)-(3.22) were constructed for a deformable
interface and homogeneous fluids. In the case of monotonic instability, we found an asymptotic of the form
M=M,+ ocle +..., wk = azwﬁ + a4\p’f...

ek
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We present the formulae for the leading terms in the case of isothermal boundaries:
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The sign of M depends on the ratio Qr/(pqh% - p,zh%). Under conditions of weightlessness, the value of Q; is negative when there are
vibrations. Note that an asymptotic of form (4.1) does not exist if p, h% — myh?, as well as in the case of outer boundaries that do not conduct
heat.

For vibrational instability we constructed an asymptotic of the form

M = oc_zM0+..., A=Ayt ...

It was found that the leading terms do not depend on gravity, surface tension or vibration. The corresponding formulae are not presented
here because of there length, but they were used for comparison with numerical results. This asymptotic was previously constructed for a
single-layer fluid.'® In the case where the two-layer system is similar to a single-layer system, the asymptotic values are identical.

5. Results of calculations

The critical Marangoni numbers were calculated for homogeneous fluids in the cases of monotonic and vibrational instability. To test
the formulae, the results were compared with the results in Refs 1-3, 15 and 19 and with the asymptotic formulae as « — 0.

We present the results of the calculations for an acetonitrile-n-hexane system!? with a total thickness of 4.5mm (system AH) and a
silicone oil-Fluorinert system2® with an overall thickness of 2 mm (system SF) in the case of weightlessness.

The calculations were first performed for small values of the wave number o and were compared with the long-wavelength asymptotic.
In the case of monotonic instability, from formulae (4.2) for system SF for all values of ¢ and Re? = 10 it was found that

8 = -§x3+ 1, 65 =-087x,-035, m = -429
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The values of My and M; and the functions L[J’é and d,;'f depend on the angle ¢:
¢ =n/2: M,=0, M, =210.46

Wo =0, Yl = x;(~50.87 + 169.53x; — 141.3x3)

Ve =0, Yl = x;(-50.87 - 254.35x; — 317.93x3)

¢ =m4: My =-1212, M, = 19558
Wy = x3(2.93 - 9.76x; + 8.14x3)

Vo = x3(2.93 + 14.64x, + 18.31x3)

@ =0: M,=-2424, M, = 179.71
Wy = x3(5.86 — 19.53x; + 16.27x3)

Vo = x4(5.86 +29.29x; + 36.6x3)

For the same system SF the long-wavelength asymptotic of the vibrational instability gives My = -84401.735 and ¢y = 10.117.When « = 0.01,
the results obtained from solving the transcendental equation differ from the asymptotic results by less than 1%. Neutral curves M(a) of
the monotonic instability for different values of the angle ¢ and Re? = 10, which corresponds to weak vibration, are presented in Fig. 1. As
can be seen, the influence of vibration shows up when O<a < 1.

Fig. 2 presents neutral curves M(a) of monotonic instability for system AH. The vibration, which includes a horizontal component, leads
to the appearance of discontinuities on the monotonic instability curves, which are associated with Kelvin—-Helmholtz instability. Fig. 3
presents graphs of the stream function {s and the temperature 0 against the depth of the layer for system AH and the value o =2.8035, at
which a discontinuity occurs on the curve for Re2 =108 and ¢ = /6 in Fig. 2. Normalized values of the stream function and the temperature
are plotted along the horizontal axis. It can be seen that the temperature 6(z) has a discontinuity at z=0, which indicates to deformation
of the interface due to vibration.

It was found as a result of the calculations that under the effect of vibration, the neutral vibrational instability curves can consist of two
branches, viz., an unclosed branch (the solid curves) and a closed branch (the dashed curves). The branches for ¢ = /2 and system SF are
shown in Fig. 4.

6. Conclusion

We have shown that the influence of high-frequency vibration on a two-layer system differs from its influence on a single-layer system.
As was established in Ref. 1, when there is a free deformable boundary, horizontal vibrations (¢ = 0) do not influence the stability of the quasi
equilibrium, and when ¢ # 0, they stabilize it. For a two-layer system the presence of a horizontal component results in destabilization, and
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the presence of a vertical component results in stabilization. The greatest destabilization is occures when ¢ =0, and the greatest stabilization
occures when ¢ =1/2.

Acknowledgements

This research was financed by the Russian Foundation for Basic Research (07-01-00099-a, 09-01-00658-a) and the European Research
Network “Regular and Chaotic Hydrodynamics” (RFFI 07-01-92213-NTsNIL.a).

References

J

. Zen'kovskaya SM, Shleikel’ AL. The effect of high-frequency vibration on the onset of Marangoni convection in a horizontal fluid layer. Prikl Mat Mekh 2002;66(4):572-82.
2. Zen'kovskaya SM, Shleikel’ AL. Convection in a horizontal fluid layer under the action of high-frequency vibration. Izv Vyssh Uchebn Zaved Sev-Kavk Region Yestestv Nauki
Spetsvypusk Mat Model 2001:78-81.
3. Zen’kovskaya SM, Novosyadlyi VA, Shleikel’ AL. The effect of vertical vibration on the onset of thermocapillary convection in a horizontal liquid layer. Prikl Mat Mekh
2007;71(2):277-88.
4, Bezdenezhnykh NA, Briskman VA, Puzanov GV, Cherepanov AA, Shaidurov FG. The influence of high-frequency vibration on the stability of an interface between fluids.
In: Hydromechanics and Heat and Mass Transfer in Weightlessness. Moscow: Nauka; 1982.
5. Birikh RV, Briskman VA, Zuyev AL, Chernatynskii VI, Yakushin VI. The interaction between the thermovibrational and thermocapillary mechanisms of convection. Izv
Ross Akad Nauk MZhG 1994;(5):107-21.
6. Briskman VA. The influence of vibration on the stability of a free surface or an interface between fluids. In: Convection in Systems of Immiscible Fluids. Ekaterinburg: Ural’'sk
Otd Ross Akad Nauk; 1999, 3-25.
7. Birikh RV, Briskman VA, Bushuyeva SV, Rudakov RN. Thermocapillary and vibrational instability in a two-layer system with a deformable interface. In: Thermocapillary
and Concentration-Capillary Effects in Multicomponent Systems. Ekaterinburg: Ural’sk Otd Ross Akad Nauk; 2003, 21-33.
8. Lyubimova TP, Parshakova YaN. Stability of the equilibrium of a two-layer system with a deformable interface and a specified heat flux on the outer boundaries. Izv Ross
Akad Nauk MZhG 2007;(5):19-29.
9. Lyubimov DV. Thermovibrational flows in a fluid with a free surface. Microgravity Q 1994;(1):117-22.
10. Gershuni GZ, Lyubimov DV, Lyubimova TP, Roux B. Convective flows in a cylindrical fluid zone in a high-frequency vibration field. Izv Ross Akad Nauk MZhG 1994;(5):53-61.
11. Moiseyev NN. Asymptotic Methods of Non-Linear Mechanics. Moscow: Nauka; 1981.
12. Yudovich VI. Vibromechanics and vibrogeometry of mechanical systems with constraints. Usp Mekh 2006;4(3):26-129.
13. Simonenko IB. Substantiation of the averaging method for the problem of convection in a field of rapidly oscillating forces and for other parabolic equations. Mat Sbornik
1972;87(2):236-353.
14. Levenshtam VB. Substantiation of the averaging method for the problem of convection with high-frequency vibration. Sib Mat Zh 1993;(2):92-109.
15. Zeren RW, Reynolds WC. Thermal instabilities in two-fluid horizontal layers. J Fluid Mech 1972;53(2):305-27.
16. Nepomnyashchii AA. Long-wavelength convective instability in horizontal layers with a deformable boundary. Convective Flows. Perm: Izd Perm Ped Inst; 1983, 25-31.
17. Nepomnyashchii AA, Simanovskii IB. Thermocapillary convection in two-layer systems with a surfactant on the interface. Izv Akad Nauk SSSR MZhG 1986;(2):3-8.
18. Zen’kovskaya SM. Long-wavelength vibrational Marangoni instability in a horizontal fluid layer. Prikl Mat Mekh 2007;71:837-43.
19. Juel A, Burgess JM, McCormick WD, Swift B, Swinney HL. Surface tension-driven convection patterns in two liquid layers. Physica D: Nonlinear Phenomena
2000;143(1-4):169-86.
20. Zhou B, Liu Q, Tang Z. Rayleigh-Marangoni-Bénard instability in two-layer fluid system. Acta Mechanica Sinica 2004;20(4):366-73.

Translated by P.S.



	The effect of a high-frequency progressive vibration on the convective instability of a two-layer fluid
	Statement of the problem
	The high-frequency asymptotic
	The equilibrium solution. The eigenvalue problem
	The long-wavelength asymptotic
	Results of calculations
	Conclusion
	Acknowledgements
	References


